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Abstract 

If _ff is a finite dimensional quasi-Hopf algebra and A is a left _ff-module algebra, we prove that there 
is a Morita context connecting the smash product A^H and the subalgebra of invariants A^. We define 
also Galois extensions and prove the connection with this Morita context, as in the Hopf case. 

1 Introduction 

The Hopf Galois extensions appear for the first time in the papers of Chase, Harrison and Rosenberg ([TO]) 
and of Chase and Sweedler {[11]). The actual definition is due to Kreimer and Takeuchi ([TO]). A first 
Morita context has been constructed by Cohen, Fischman and Montgomery in [12]. They start from a 
finite dimensional Hopf algebra H over a field and an iJ-module algebra A, and construct a Morita context 
connecting the smash product A^H and the subalgebra of -invariants A^ , showing also the connection 
with the Galois extensions. Another Morita context has been constructed by Doi, generalizing a construction 
of Chase and Sweedler ([H]). In this case, the author began with a Hopf algebra H not necessarily finite 
dimensional and an iJ-comodule algebra A. The rings connected by the Morita context are this time B, the 
subalgebra of coinvariants, and #(iJ, ^). 

In the case of a finite dimensional Hopf algebra H, a left iJ-module algebra is the same as a right H*- 
comodule algebra, so it is natural to ask if both contexts coincide. The affirmative answer has been given 
by Beattie, Dascalescu and Raianu in [5], for a co-Frobenius Hopf algebra. 

The books of Montgomery [22] and of Dascalescu, Nastasescu and Raianu [13] are a good reference about 
the main results on this subject. 

On the other hand, in the last fifteen years, several different generalizations of Hopf algebras have 
appeared: corings, weak Hopf algebras, quasi-Hopf algebras and Hopf algebroids. The Galois theory for 
corings was realized by Brzezinski ([T), while the Morita theory was developed for corings by Caenepeel, 
Vercruysse and Wang (|9j). The case of weak Hopf algebras and Hopf algebroids was considered by Bohm 

m)- 

Quasi-Hopf algebras have been introduced by Drinfeld ([H]) and have lately attracted much attention 
in both mathematics and physics ([T], [10]). So it is desirable to see if it is possible to generalize the above 
results also to the case of quasi-Hopf algebras. This is the purpose of this paper. 

If i? is a Hopf algebra, to define a Galois extension, one usually starts with an if-comodule algebra A 
and its subalgebra of coinvariants A'^"^ . But the ordinary definition of coinvariants does not work any more 
in the quasi-Hopf setting. A possible approach was suggested in [23j . but only in the case of a morphism 
H — > A of right comodule algebras. If we turn to the finite dimensional case and work with module 
algebras, everything seems to be fitting. So we start with H a finite dimensional quasi-Hopf algebra, A a 
left iJ-module algebra and B — A^ the subalgebra of invariants, which in this case is associative, while A is 
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not necessarily so. All the ingredients concerning quasi-Hopf actions were already defined in [7] and [H]. In 
order to get a Merita context between the smash product A^H and B, we need a right action of A^H on 
the linking bimodule A which is not obvious. The main ingredient in finding this action will be the Remark 
I3.1.2[ which uses a formula for S{t) (|2.1.3p . where t E H is a fixed nonzero left integral and S is the antipode 



Next, we define Galois extensions and, as in the Hopf case, we construct two canonical maps, showing 
that they are equivalent. A Frobenius-type isomorphism (Proposition [2J75| is used to show the equivalence 
between the canonical Galois map and one of the Morita maps. 

In order to produce examples of Galois extensions, we remark first that this definition of Galois extensions 
is invariant to gauge transformations. Next, for A a right i?-comodule algebra (as it was defined in I5j), 
the quasi-smash product A^H* ([B]) is a Galois extension of A, as in the Hopf case. 

In the last part we study the surjectivity of the second Morita map, in connection with the notion of a 
total integral and the injectivity of relative modules. 

The paper is ended by an analogue of Schneider's theorem in [24] . 

Our proofs will follow the original proofs of [12] and [2]. The main obstacle for the generalization is the 
comultiplication of H and the multiplication of A, which are no longer coassociative, respectively associative. 
These difficulties can be overcome by considering suitable elements that have been defined by Hausser and 
Nill (jH], [16], [17]) and their properties, which allow us simplify the computations. 

2 Preliminaries 

In this section we recall some definitions and results and fix notations. Throughout the paper we work over 
some base field k. Tensor products, algebras, linear spaces, etc. will be over k. Unadorned (g) means An 
introduction to the study of quasi-bialgebras and quasi-Hopf algebras can be found in [T^ or [T8] . 

2.1 Quasi-Hopf Algebras and their integrals 

Definition 2.1.1 A quasi-bialgebra means A, e, 0) where H is an associative algebra with unit, (j) is 
an invertible element in H ® H ® H (the associator) , A : H — > H ® H (the coproduct) and e : H — > k 
(the counit) are algebra homomorphisms, such that: 



hold for all h E H . 

The identities ([27Tal) - (|2.1dp also imply (e / /)((/)) = (/ (g) / (g) e)(<?;>) = 1 ® 1. 

As for Hopf algebras, we use the Sweedler's notation A(h) = hi (g) /12, but since A is only quasi- 
coassociative we adopt the further convention: 

(A ® T)A{h) = /ill ® ® h2 and (/ g) A)A{h) = ft-i g) /i2i ® 

for all h <E H. 

We shall denote the tensor components of cp by capital letters, and those of (f>^^ by small letters, namely 

(j) = (gx^ (gx^ (gy2 (gr^ = ... 

= a;^ (g a;^ (g a;^ = g) g) = ... 



of iJ. 



(/.(A(g/)A(/i)0-i 
(/g)e)A(/i) 
(J(g/(g A)(,^)(A(g/g)/)((/)) 

(/(g£(g/)(0) 



(/(g A)A(/i) 
(eg) J)A(/i) = h 
(l(g?!))(/(gAg)/)((/.)((^(gl) 
1 g) 1 



(2.1a) 
(2.1b) 
(2.1c) 
(2.1d) 
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suppressing the summation symbol E. 



Definition 2.1.2 A quasi-bialgebra is called a quasi-Hopf algebra if there is an anti-algebra homonior- 
phism S : H — > H (the antipode) and elements a, (3 € H such that 



S{hi)ah2 = e{h)a (2.2a) 

hi(3S{h2) = e{h)(3 (2.2b) 

X^pS{X^)aX^ ^ 1 (2.2c) 

S{x^)ax^f3S{x^) = 1 (2. 2d) 



hold for each h £ H . 

The axioms for a quasi-Hopf algebra imply that e o S = e and e{a)e{(3) = 1 so, by rescaling a and f3, we 
may assume without loss of generality that e{a) = s{j3) = 1. 

In this article we consider only finite dimensional quasi-Hopf algebra H . In this case the antipode of H 
is always bijective by [5]. 

Together with a quasi-Hopf algebra H = {H, A, e, cj), S,a, (3), we also have H°p, H'^'p, and H°p ''°p as 
quasi-Hopf algebras, where "op" means opposite multiplication and "cop" means opposite comultiplication. 
The quasi-Hopf structures are obtained by putting (/(^^ = (t)~^ , (l)^Qp = (0~^)^^^, (t>op,cop = 4''^'^^! Sop = 
Scop = iSop,cop)~^ = S~^, aop = 5'~^(/3), Ucop = S~^{a), aop^cop = /?, Pop = S~^{a), (i^op = S^^{(3) and 

l^op^cop 

Suppose that {H, A, e, cf)) is a quasi-bialgebra. Then the category of left iJ-modules is monoidal in 
the following way: for U,V £ h-M the tensor product J7 (g) F is an //-module by h{u w) = hiu O h2V. The 
base field k is an //-module via e. The canonical morphisms U:^U(S>k^k®U are //-linear for U G h-M- 
The map 

u'S>v'S>w — > X^u® X'^v ® X^w 

for U,V,W G H-M is //-linear as a consequence of (|2.1ap . and satisfies Mac Lane's pentagon axiom for a 
monoidal category as a consequence of (|2.1cp . 

In the Hopf algebra case, the antipode is an anti-coalgebra map. In order to have a similar property in 
the quasi-Hopf setting, Drinfeld ([l5) introduced a gauge element / £ // //, which obeys the following: 



/A(/i)/(-i) = {S(SS)A'"'PS-^{h) (2.3) 

(50 5®5)(</)32i) - (l0/)(/® A)(/)0(A®/)(/(-i))(/(-i)®l) (2.4) 

(/®£)(/) = (£®/)(/) = l (2.5) 

for aU h e H. 

Following [15], [16], [17],we may define the elements 

PL = X^S-\X^(3)®X^ (2.6) 

QL ^ S{x^)ax^ (gix^ (2.7) 

PR = x^ (g,x^pS{x^) (2.8) 

= X^ S~\aX^)X'^ (2.9) 



One may note that in H°p the roles oi pj^ and (respectively and q^) interchange, and in //^°p one 
is passing from p^ to pj^ (respectively from to qj^), so whenever we have a relation concerning these 
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elements, it is enough to pass to H°p or to H'^°p to get the other three relations. We shall state here only 



the relations used in this paper. Following [TS], they obey the following 

A(/i2)pi(5-i(/ii)®l) = PL{l®h) (2.10) 

(5(/ii)«)l)gLA(/i2) = {l®h)qL (2.11) 

A(/ii)pfi(l(8)S'(/i2)) = PR{h®l) (2.12) 

{l®S-\h2))qRA{hi) = {h®l)qR (2.13) 

for all e -ff and 

Hql)pL{S-\ql)®l) = 10 1 (2.14) 

{S{pl)®l)qLHpl) = I® I (2.15) 

H<lR)PR{^®S{ql)) = I® I (2.16) 

{l®S-\pl))q„Mp\) = I® I (2.17) 

^-\I®A){pl) = {/\{X^)pL®X'^){S'\X^)®l®l) (2.18) 

[I ® /^){qL)(t> = {S{x'^)®\®l){qL^{x^)®x^) (2.19) 

0(A®/)(pfl) = (a;i® A(a;2)pi^)(l®l(g)S'(a;3)) (2.20) 

{A®I){qB)(f)-^ = (l®l(0S'-i(X3))(Xi®gflA(X2)) (2.21) 

We shall need also the following elements: 

Vl = {S®S)(pf)f (2.22) 

Ul = iS-'®S-')iqLf^-'^f' (2.23) 

Vn = {S-^ ® S-')ifpR)^^ (2.24) 

C/fl = f-\S®S){qjl) (2.25) 

L^ij and Vr were introduced by Nill and Hausser in [17] , and Ul and Vl are their analogues by passing from 
H to H'^°P, as explained above. They obey the following relations: 

(1 (g) /ii)V^lAS'(/i2) - {S{h)®l)VL (2.26) 

AS-^ih2)ULil®hi) = ULiS-\h)®l) (2.27) 

{h2 ® l)VRAS-\hi) = il®S~\h))VR (2.28) 

AS{hi)UR{h2®l) = UR{l®S{h)) (2.29) 



We need also to notice that H finite dimensional implies H* is a coassociative coalgebra, with coproduct 
given by 

A*{h*) = h* o^jj, yh* e H* 

The comultiplication A on _ff allows us to define a multiplication on H* (the convolution product) by 

{h*g*){h) = h*{hi)g*{h2), \^h* eH*, g,heH 

But this is no longer associative. In fact H* , endowed with this multiplication, is an algebra in the monoidal 
category of i?-bimodules and we have that 

ih*g*)l* = (X^ -^h* ^ x^)[{X^ ^9* ^ a;2)(x3 1* x^)] 
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where h*,g*J* E H*. By ^ and ^ we denote the usual right, respectively left //-action on H*: 

{h - h*){g) = h*{gh), {h* - h){g) = h*{hg) 
for aU h* e H*, g,heH. 

Although H* is not an algebra, we still keep the notation of the Hopf case for the weak action of H* on 

H: 

h* -^h = h*{h2)hi, h^h* = h*{hi)h2 
for aU h* eH*, he H. 

We denote by the space of left integrals in H and by i £ i? a nonzero left integral. As is an ideal 
of H (which is one dimensional by [17j). there is only one algebra niorphism (the modular element) 7 G H* 
which satisfies 

th = 7(/i)t (2.30) 

for all h E H. Denote by A = ^{q\)q\. The next result was proved by Bulacu and Caenepeel in [S], 
Proposition 4.9 for a dual quasi-Hopf algebra. But if H is finite dimensional, H* is a dual quasi-Hopf 
algebra, so we can restate their result in terms of quasi-Hopf algebras to get the following: 

Proposition 2.1.3 Let H be a finite dimensional quasi-Hopf algebra. With the above notation we have 

5(i)=A(7-i). 

The following statement can be obtained from the same authors quoted above (|5j. Theorem 2.2) by 
passing from H to H'^"^: 

Theorem 2.1.4 Let H be a finite dimensional quasi-Hopf algebra, (ei)i=i_„ a basis of H and {e^)i=i^n the 
dual basis of H* . We define the map 

n 

P-.H^H, P{h) = e\S-\qle,iSmh)qle,2 

i=l 

for all h £ H . Then: 

L P(h) G for all h E H and there is h E H such that P{h) ^ 0; 
2. The map 8 : ®H* — > H, 

e{t (g) h*) = h*{qltipl)qlt2pl, yte f ,h* e H* 

J H 

is an isomorphism of left H -modules with inverse given by 

n 
i=l 

where ®H* is a left H -module via h(t ®h*)=t®h* ^ S{h), yh e H , t e J^^, h* e H* . 
This allows us to consider the following Frobenius-type isomorphism: 
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Corollary 2.1.5 Let H be a finite dimensional quasi-Hopf algebra and t £ a nonzero left integral. Then 
the map 

Ot-.H* ^ H, et{h*) = h*{qlt,pl)qlt2pl, Vh* e H* 
is a left H-module isomorphism. 

By [5] or [21], we have, for t ^ H a, left integral and all h ^ H: 

{S{h)®l)qL/^{t) = {l^h)qLA{t) (2.31) 

{S{h)^l)qBAit) = (1 (X) h)qRA{t) (2.32) 

and 

Ait) = (/3 ® l)giA(0 = (/3 l)teA(t) (2.33) 

= {l<E>S-\/3))qLA{t) = {l^S-\/3))qnA{t) (2.34) 

2.2 iJ-module algebras 

Recall from the notion of a module algebra over a quasi-bialgebra. 

Definition 2.2.1 Let H be a quasi-bialgebra and A a linear space. We say that A is a (left) H-module 
algebra if A is an algebra in the monoidal category hM., i-e. A is a left H-module which has a multiplication 
and a usual unit 1a satisfying the following conditions: 

{ab)c = (X^ ■ a)[{X^ ■ b){X'^ ■ c)] (2.35a) 
h-{ab) = {hi-a){h2-b) (2.35b) 
H-Ia = e{h)lA (2.35c) 

for all a,b,c Cz A and h £ H , where h (E) a — > h ■ a is the H-module structure of A. 

For an i?-module algebra A, we may define the smash product Afj^H as in 8 : as a vector space A^H 
is A (El H with multiplication given by 

{a#h){bi^g) = {x^ ■ a)(x^hi ■ b)#x^h2g (2.36) 

for all a,b £ A and g,h E H. Then Afj^H becomes an associative algebra with unit l/i#f- Also for the 
-ff- module algebra A we may define the subalgebra of invariants B = A^ , that is 

B^{aeA\h-a^ e{h)a, Vh e H} 

Remark that B is an associative algebra, and A is a left and right i?-module in a natural way. Also, on A 
we have a left A=i^^f-module structure given by 

(a#/i)6 = a{h ■ b) 

for all a,b £ A and h E H. 

As A is an algebra in the monoidal category of left iJ-modules, it is natural to consider modules over A 
(left or right) in this category. These were called relative Hopf modules in |8j: 
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Definition 2.2.2 Let H be a quasi-hialgehra and A a left H-module algebra. A k-vector space M is called a 
left {H, A)-Hopf module if M is a left H-module and also a left A-module in the monoidal category rM., 
i.e. A acts on M to the left with action denoted a® m — > am such that 



{ab)m = {X^ ■a)[iX^ ■b){X^m)] (2.37a) 

h{am) — {hi ■ a){h2m) (2.37b) 

lyirn = m (2.37c) 
for all h e H, a.b e A and m G M. 



The category of left {H, A)-Hopf modules with morphisms that are left iJ-linear and preserve the weak 
A-action will be denoted by a{hM)- 

In [H] it is proved that the categories a{hJ^) and a#h-M are isomorphic: if M G a{hJ^), then AI G 
Ai^H-M by (a^h)m — a{hm), and if M G a#hM. then M G a{hM.) by am — {ajj=l)m and hm — (l^#/i)rn, 
where h ^ H, a ^ A and m G M. 

Now for each M G AinM), denote = {m G M\hm = e{h)m,Wh G H}. Then becomes naturally 
a left _B-module, so we get a functor 

a{hM)''^ bM 
Conversely, for M G bM, we have A®b M e a{hM) by 

h(a®Bm) — h-a®Bm 

b(a®Bm) = ba®Bm 
As in the classical Hopf algebra case, we obtain the following: 

Proposition 2.2.3 The induced functor A®b (~) *s a Isft adjoint for the functor of invariants (— )^ 

A®b(-) 

bM ^ a{hM) 

Proof. The adjunction morphisms are: 

/ G Hom^^^MM®BM, N) ^ HomB{M, N") 3 g 

a(/)M ^ /(lA®sm) 
P{g){a®Bm) = ag{m) 

for all m G M, a £ A. ■ 

A«ib(-) 

Remark 2.2.4 As a{hM) o,nd a#hM^ are isomorphic, we get also the adjunction bM ^ a#hM. 

(-)" 

3 The Morita context 
3.1 Construction 

In this section we construct a Morita context connecting A^H and B = A^ , where A is our left iJ-module 
algebra. By [ff. Proposition 2.7, the map H — > A^H, h — > ^Ai^h is an algebra morphism. It induces a 
structure of left //-module on Afj^H by 

h X (a#5) = (U#/i)(a#.9) = ■ aj^h^g (3.1) 
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for all a G ^ and g, h £ H . Also, the tensor product H ® A has the structure of a left i/-niodule with action 
induced by the multiplication of H: 



{g ® a) — hg ®a 
for all a G A and g,h £ H. 

Proposition 3.1.1 Under the above assumptions, the map Lp : H ® A — > Ajj=H , Lp{h®a) — hip\ ■ a^h2p'j^ 
is an isomorphism of left H -modules, with inverse ip^^{a^h) = q\h2 ® S^^ {q\hi) ■ a. 

Proof. We have 

ip{h*{g®a)) = ip{hg®a) 

= hi9ipi ■ a#h2g2pl 
(EH) = /i X {gipl ■ a#52pi) 

= h X (p[g (g) a) 

for all a G A and g,h £ H, so (p is //-linear. Let's check that ip and (p~^ are inverses to each other: 

ipip~\a#h) = Lp{qlh2® S^^iqlhi) ■ a) 

= qlih2iPlS'^{qlhi) ■ a#ql2h2^pl 

(EIDl) = qliPlS-^ql) ■ a#ql2plh 

(EH = a#h 

and 

ip-'^Lp{h®a) = ip^^{hipl-a#h2pl) 

= qLh22PL2'^ S~^{qlh2,pli)hipl ■ a 

(Em - hqlpl2®S-\qipl^)pl-a 

(ETTC)) = h®a 

for all a G A and h e H. m 

Remark 3.1.2 Restricting the above isomorphism, we get an isomorphism of H -invariants: {Af^H}^ ~ 
{H (S)A)^. But H is acting on H ®A by left multiplication on the first component, so {H (E)A)^ — (E)A = 
(®A ~ A. On the other side, A^H is a right A^H -module with action induced by multiplication, and the 
restriction {A^H)^ remains a right A^H -module, because for a^h G (A^H)^ , b^g G A^H and I G H 
we have 

I X {{a#h){b#g)) - (l#0[(a#M(6#5)] 
= [(l#0(a#/i)](6#3) 
= e{l){a#h){b#g) 

Hence, the isomorphism of Provosition W.l.l\ induces a structure of right AffH -module on A ^ J^^^A. 
Explicitly, this means 

a®{b#h) (t ® a) ® {b#h) {tipl ■ a#t2pl) ® ib#h) 

{t,pl ■ a#t2pl){b#h) 
= {x^tiPL ■ a){x^t2^pii ■ b)#x^t22pl2h 
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mM = hX^-[{plS-\x')-a){pl-b)]#t2X'h 

^ qlt2,Xlh2 S-\qlt2,Xfhi)hX^ 

■[{plS-'(X')-a){pl.b)] 
(1122]) = tqlxlh2 ® S-\qlx!hi)X' ■ [{pIS-\x') ■ a){pl ■ h)] 
dug) = t®S-\qlXlh^)X^ ■[{p\S-\X')-a){j>l-b)]-i{qlXlh2) 
= t ® S-'{SiX')A{^ - X^h)) ■ [{plS-\x') . a){pl ■ b)] 



where we denoted A = q]:,l{q\)- Therefore, the right A^H -module structure on A is given by 



This can be also checked directly, but very long calculations are involved. 

By p.2p . A becomes a {B, A^H)-himodulc. In the previous section we endowed A with an {A^H, B)- 
bimodule structure, so now we may pass to the next step: 

Theorem 3.1.3 Consider the maps: 



Then (A^H , B, ah^hAb, bAa^h, (^i^); [^i^]) o Morita context. 

Proof. We check only the conditions of a Morita context which are more difficult because of the A^H- 
niodule structures involved, the others are left to the reader: 

• (— ,— ) is well-defined ( A#iJ-balanced) : 



(a-^(6#/i),c) = {S-\S{X')A{j^X^h))-[{plS-\X^)-a){pl-b)],c) 

m = t-{{PlS-\S{X')A{^^X'h))-[iplS-'{X').a){pl-b)])iPl-c)} 

« = tqlXlh2 ■ {{PlS-\qix!h,)X' ■ [{plS-\X^) ■ a){pl ■ 6)] )(P| • c)} 

a = tql-{{PlS-\ql)X^-[{plS-\X^)-a){pl-b)]){PlX^h-c)} 

= t-{{X^-[(j>lS-\X^)-a)(j>l-b)\){X^h.c)] 

(EHl) = t-{[{x^pl-a){x^pl,-b)\{x^pl2h-c)) 

(i235i|, (p35bl) - t- {{pl-a)[pl-{b{h-c))] 

dSSl) = {a,b{h-c)) 

= (a,(6#/i)c) 



for each a, 6, c G A and h ^ H, where P^ ® P| is another copy of pl- 
• [— , — ] is A^iZ-bilinear: for the left linearity, we compute that 



[(a#/i)6,c] = [a{hb),c\ 

(ISa - {a{hb)#t){plc#pl) 

= [{x^a){x^h,b)4f^x^h2t] {pIc#pI) 

(ESS = (a#/i)(6#t)(pic#pi) 

= {a#h)[b,c] 



a {b#h) = S-\S{X^)K{^ - X^h)) ■ [{plS-\X^) ■ a){pl ■ b)] 



(3.2) 



(-,-) : A®A#HA^B,{a,b)^t-[{pl-a){pl-b)\ 
[-,-] : [a,6]-(a#t)(pi-6#pi) 



(3.3) 
(3.4) 
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where in the third hne we used the fact that t is a left integral. For the right A^H -linearity it's a httle 
more complicated because of the right action of A^H on A: 



a, b [c^h)] = 


= [a, S-\S{X')A{j - X^/,)) . [{plS~\X') . b){pl ■ c)]] 




(EH) = 


= {a#t){PlS-\S{X^)K{^ - X^/.)) . [{pIS-\X^) ■ b){pl 


c)] #Pl) 


(|2.;«)| . 


= iai^tqlXlh2){PlS-\qlX^hi)X^ ■ \{plS-\X^) ■ b){pl ■ 


c)] #Pl) 


(|2.3(i|) = 


= . a)ixh,ql,Xlh2,PlS-\qix!h,)X' ■ [{plS-\X^) 


■b){pl-c)]) 




#x%ql^Xlh2,Pl 




(|2.1()| = 


- ix'-a)ixH,ql,PlS-\qi)X^ ■ [{plS-^X') ■ b)ipl ■ c)]) 






#x%ql^PlX^h 




(|2.14| = 


= (xi • a){xHiX^ ■ [{pIS-\X') ■ b){pl ■ c)] )#x%X^h 




(|2.18|) = 


= (.t1 • a){xh, • [{vVl ■ b){yVLi ■ c)] ifxh2y^pl^h 




(|2.36| . 


= ia#my'pl-b){yVLi-c)#y'pl2h) 




(|2.36| = 


= {am){pl-h#pl){c#h) 




(03) = 


= [a,b]{c#h) 





for aU a, 6, c e A and h E H , where ® Pl another copy of p^. 
• associativity of the Morita map: 

a-^[b,c] = a-^[{b#t){pl-cifpl)] 

m = {S-\SiX')Ai^^Xh))-[{PlS-\x')-a)iPl-b)]};iplc#pl) 

= {S-\A{j - t)) ■ [{Pl ■ a){Pl ■ b)] } {pIc#pI) 

(ETl = {S-\S{t))-[{Pl-a)[Pl-b)\];{pl.c#pl) 

= {t-[{Pl-a){Pl-h)\].^{pl.c#pl) 

= ia,b) {pI- c4f^pl) 

m = S-'iSiX')Ai^^xVL))-[iPlS-\x')-ia,b))iPlpl-c)] 

= 5-i(A(7-pi))-[(a,6)(pi-c)] 

= 5-i(A(7-pi))-[e(pL)(a,6)bL-c)] 

= S-\A{j^pl))-[{pl,.{a,b)){pl,-c)] 

= S-\A{j^pl))pl-{{a,b)c) 

= S-'iqipl,)pi-iia,b)cMqlpl^) 

= (a, b)c 

for all a, 5, c G A, where in the fourth line we used the fact that t is a left integral and in the following 
lines that (a, b) e A^ . 
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3.2 Surjectivity of the Morita maps 
3.2.1 Galois Extensions 

Definition 3.2.1 Let H be a finite dimensional quasi-Hopf algebra, dinife H = n, A a left H-module algebra 
and B = the subalgebra of H -invariants. We say that the extension B C_ A is Galois if the linear map 
can : A (g)^ A — > A (g) H* , can{a®Bb) — X]r=i(pk ' ^)ip'Fi.^i • ^) ® is bijective, where (ei)i=i.„ and (e'')i=i_„ 
are dual bases for H , respectively H* . 

Remark 3.2.2 As in the Hopf case, one may instead use the map can' : A<S>bA — * Ai^H*, can' {a®Bb) — 
127=ii^R^i • a){U'^ ■ b) ® e* where Un is the element from h2.25\) . If we define 

n 

E: A®H* — > A (8) H*,E{a (g) /i*) = ^ • a ® (e' ^ 9i)(/i*<S' ^ ql) 

i=l 

then we have the connection between the two "can" maps: 'E.ocan = can'. Also one may easily check that S 
is bijective, with inverse given by 

n 

E-\a ® /i*) = ^ e, • a ® {f^-'^' - h*S-' - Vl){f^-'^^ - - Vl) 
1=1 

where f is the gauge element from V2.S\) and Vl is the element introduced by \2.22\) . 

Remark 3.2.3 We proved in Provosition \2.2~S\ that the functor {—)^ : a#h-M — >b-M has a left adjoint, 

namely A^b (— )• The counit of this adjunction is Em '. A®b > M , £m{0'®b m-) — 0''ni (for M a left 

A^H -module); it is left Afl=H -linear. If £m is an isomorphism for all modules M, we call this the Weak 
Structure Theorem. 

Remark 3.2.4 Let 6t ■ H* — > H be the isomorphism of the Corollarv \2.1.5[ 6t{h*) = h* {q\tip\)q\t2p\. 
As in the classical Hopf case, we get the relation [I a ® Ot) ° can — [— , — ] which indicates that the Morita 
map [— ] and the Galois map can will be simultaneously bijective: 

n 

{Ia <S) 0t) o can{a ®)b b) = {lA®et){Y,iPR-'^)iPl^'^-b)®e^) 

n 

WdM = Y.^p]i-a){ple,-b)®c\qltipl)qlt2pl 

i=l 

= (Pr ■ a){pWLtipl ■ b) ® qlt2pl 
dm - (x^ ■a)ix^(3S{x'')qltipl-b)®qlt2pl 
^EM = {x^ ■a)(x^pqltipl-b)(E,x\lt2pl 
{x^ ■ a){x^tipl ■ b) ® x^t2pl 
- (a#i)(p[.5#pi) 
= [a,b] 

Now we have all the ingredients to prove the analogue of Theorem 3.1 of in case of a finite dimensional 
quasi-Hopf algebra and the proof follows closely the one in [2] . 

Theorem 3.2.5 Let H be a finite dimensional quasi-Hopf algebra, A a left H-module algebra and B = A^ 
the subalgebra of H -invariants. Then the following statements are equivalent: 
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1. The extension A/B is Galois; 

2. The map can : A ®b A — > A H* is surjective; 

3. The Morita map [— , — ] is bijective; 
4-. The Morita map [— ] is surjective; 

5. The Weak Structure Theorem holds for AinM); 

6. The counit of the adjunction em '■ A®b — > M is surjective for all left A^H -modules M ; 

7. A is a generator for the category a{hJ^) —a#h^- 

Proof. l.=^2., 3.=>4., 5.=^6. Obviously. 

l.<;===>3., 2.^=>A. Come from the previous remark. 

4. =>3. It results from the classical Morita theory for rings. 

4.=4>5. The injectivity of the counit of the adjunction: let ai^Brrii G A^bM^ such that aimi = 
0. By the surjectivity of [— , — ] we may find Ck®B dk € A®b A such that [cfc, dk] — Ia^^h (which 
means J2ki^^ ' Ck){x'^tipl ■ dk)#ix^t2pl) = We get then 

Oi (g)B nil = ^^{'^#'^)ai ®s mi 

i i 

= [ck,dk] Q» (E)B nii 
= y^Cfc((jfc,a,) (g)B nij 

i,k 

= y^Cfc (E)B {dk,ai)nii 

i,k 

(ESI) = ^2""^^^ {t[{pl-dk)ipl-a,)]}m, 

i,k 

= ^Ck®Bt{[{pl-dk)ipl-a,)]mi} 

i,k 

= ^Cfe®Bt{(XX-4-) .a^)(x3m,)]} 

i,k 
i,k 

= y^Cfc ®s i {(pi • rffc) [pi • (fljTOi)] } 

i,k 

= 

where in the last four lines we used that G . For the surjectivity, let m G M. Then we compute that 
eM{J2ck®Bt[{pl-dk){plni)]) = J2'"^{*['^PL-dk)iplm)])} 

k k 

= J2 [(^^ • (^k){x^tipl ■ dk)] {x^t2plm) 

k ^ V 

U#lff 

= m 
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proving that em is indeed surjective. 

5. ^^3., 6.=J>4. A^H is an A^H-module with the action given by the algebra multipUcation, so by hy- 
pothesis eA#H is bijective (respectively surjective). We get the following sequence of bijections (respectively 
surjections) 

A®bA~A®b{I ®A) = A®b [H ® A)" ~ A®b {A#H)" A#H 
Jh 

Explicitly, this means 

a'S>Bb — > a(g)B{t(E)b) — > a -^b {hpl ■ b#t2pl) 

a • {hpl ■ b#t2pl) = {a#l){tipl ■ b#t2pl) 

= [a, b] 

hence the Morita map [— , — ] is bijective (respectively surjective). 

5. ^^7, 7.=>6. The proofs are identical to those in the Hopf case, so we omit them. ■ 
We give now two examples of Galois extensions. 

First, let F S (g) be a gauge transformation. If we denote by Hp the quasi-Hopf algebra obtained 
by twisting the comultiplication of H via F, then in [8J it is proven that there is a new multiplication 
on A, namely a o b = (F'"^^^ • a)(F(~^)^ • b), for a, 6 £ A such that A, with this new multiplication 
(denoted Ap-i), becomes a left iJi?-module algebra. In this case the categories a{h-M) and a _i (hf-M) are 
isomorphic and there is an algebra isomorphism between the smash products A^H and Ap-i^Hp, which 
sends a#/i — > F'^ ■ ajf^F'^h, for aU a G A, e H. 

Remark also that _B, the space of i?-invariants, remains the same, as the action of H is not modified. 
Moreover, it is an associative algebra with the multiplication induced by the new multiplication on Ap-i^ 
as H acts trivially on B and F is a gauge transformation. As the categories a{h-M) and a _i {hf-^) are 
isomorphic and the following diagram of functors is commutative 

a{hM) „ - « a^^AhfM) 

bM 

as it can be easily checked, the counits of these two adjunctions will be simultaneously bijective. Hence, by 
Theorem 13.2.51 B C A is Galois ^ B C Ap-i is Galois. 

For the second example, let ^ be a right _ff-comodule algebra, as it was defined in 15J. That is, A 
is an associative algebra endowed with an algebra morphism p : A — > AiSiH and an invertible element 

(t>p e A®H®H, such that 

(/.p(p®/)p(a)0;i - (/0A)p(a) (3.5a) 

{I®£)p{a) = a (3.5b) 

(/®/®A)(<^^)(p®/®/)(0p) = (U®0)(/® A®/)(0^)(0^®1) (3.5c) 

{I ®e®I){(l)p) = {I®I®e){(t)p) = l®l (3.5d) 

hold for all a £ A. We shall denote (f) p — ® X'j, ® and (/i^ ^ — a;^ (g) Xp (g) Xp . Following [5], we may 
define the quasi-smash product AifH*. As vector space, this is A(® H* endowed with a multiplication given 

by 

{a4h*)(bW) = aboxlWih* ^ b^x^ig* - x^) (3.6) 
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for any a, b e A, h* , g* G H* . Using the left iJ-action given by 
g{a#h*) = a#g - h* 

for any g H, a E A, h* ^ H*, the quasi-smash product A^fH* becomes a left iZ-module algebra with 
invariants {A4t^H*)^ = Aifke ~ A. For this module algebra, the Galois map can is 

can : (A^H*) (giA {A#H*) — > {A#H*) ® H* 

n 

{a#h*)®A{h#g*) — > Y.{a#p]^^h*)(h#p\e^--g*)®e' 

i=l 

where a, 6 G ft-*, g* G H* . But A^H* — meaning that it's enough to consider elements 

of the type (a^h*) 0^ t^ic Hopf case. Now the formula for the Galois map becomes 

n 

can{{a#h*) ®A (U#5*)) = ^ h*){lA¥ple^ ^ 5*) ® 

1=1 

We need the following element introduced in ^15]: qp — qj^ (g) = Xp (g) S^^{aXp)Xp. This element has 
similar properties with qn: 

{lA'E)S-^{ai))qpp{ao) = {a (g) l)qp (3.7) 
- {WE>l'S>S-\X^p))(Xl®qpA{X^p)) (3.8) 

for all a G y^. 

Proposition 3.2.6 The quasi-smash product A^fH* is a Galois extension of A, with inverse of the Galois 
map given by 

n 

can-\{a#h*) ® g*) = Y.'^a#h*){ql#e'S - q^) ®^ (1^#.9* - e,) 
/or all a e A, h* , g* e H* . 

Proof. For all a e A and h* , g* e H* , we compute that 

n 

can-^ o can{(a#h*) (E)A {Ia¥9*)) = can-\^(a#p)j ^ /i*)(l^#p|je^ ^ g*) «) e*) 

n 

= E ^ h*){lA¥ple, ^ ff*)](gp#e^'5 - g^) ^A (U#e^ ^ e,) 

ij = l 

<8)^(U#e') 

n 

= ft*)[(l^#X2p|,,5(x3)e,5(g2)e, - g*){ql#e^ S)] 
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(p:2b)) 



Next, we have that 



n 

J2 {a#h*)[{U#Pe,S{ql)e, - 5*)(9p#e^'^)] ®a (U#eO 

n 

E (a#/i*)(<^;,#(/3e,5(g^)e. - - g^,x2)(e-'5 - x^)) 

n 

E (a#/»*)(<a;i#(/3e,5(x3)5(g2)e, - 5* - ql^Die^S)) 

n 

E {a#h*){xlx]:#{Pe,S{xlX^Xl)axlX^Xle, - 

n 

E ) {Xl#g* {X'X^ l3S{X^Xl)aX'x'^e,)e) 
1=1 

n 
n 

E(a#/i*)(l-4#5*(e.)£) ®^ (U#e*) 

i=l 
n 

E(a#^*) ®^ 
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n 

canocan-\{a#h*)®g*) = can{J2ia¥h*){ql#eJ S ^ q^) ®a {Ia¥9* ^ e^)) 

n 

m = can{J2{aqiy;#{h* - qiy^)(e^S - q^xl)) ®^ {U#g* - e,)) 

n 

i J = l 

n 

n 
i=l 



3.2.2 Total integrals 

Definition 3.2.7 Let H be a quasi-Hopf algebra and A a left H -module algebra. A total integral for A is 

a left H -morphism $ : H* — > A such that $(£) = 1a (on H* we take the structure of left H -module given 
by translation: {h h*){g) = h*{gh) for all h* e H* , g,h e H). 

Proposition 3.2.8 With notations as above, the following statements are equivalent: 

1. The Morita map (— , — ) is surjective; 

2. There is a total integral for A; 

3. A has an element of trace one (i.e. a G A .such that t ■ a = 1a)- 

Proof. l.=^2. Let Y,i a-i iSiB bi e A i^B A such that Y.ii'^i^bi) = 1a- We define ^ : H* — > A, 

^C^*) = E,9i*i • [(Pl ■ • ^^)] h*S{qlt,) 
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Then 

(EH) - ^^at- [(pi -a,) (pi -6,)] 
- t ■ [{pi ■ a,)ipl ■ h)] 
= ^(fli, 6i) = 1a 

and 

<i>{h^h*) = ^^glti.[(pi.a,)(pi-M]/i*5(5-^(%ii2) 
= h ■ $(/i*) 

2.=>1. Let $ be a total integral. As t ^ and H is finite dimensional, we may find h* e H* such that 
h*{t) 1. Then (t ^ h*){h) = /i*(/it) = e{h)h*{t) = £(/i), V/i £ H, meaning that t^h* =e. Hence 

{UMh*)) = t-[(pi-U)(pi-<f(/i*))] 
= <-$(/i*) 

= He) = lA 

and using the _B-bilinearity of (— , — ) we get the surjectivity. 

2. =>3. Let $ be a total integral. As above, consider h* e H* such that t ^ h* — e. Then a — t ■ $(/i*) 
is a trace one element. 

3. =^2. Let a e A an element of trace one and h* e H*, t ^ h* — e as above. Define $ : H* — > A, 
'^{g*) = llti ■ ag*S{qlt2). Then $(e) = qlh ■ aeS{qlt2) = at • a = t ■ a = U and $(/i ^ g*) = 
q\ti ■ ag* S{S^^ {h)q\t2) — hq\ti ■ ag*S{q\t2) — h^{g*), which means that <i> is a total integral. ■ 

Example 3.2.9 1) Let F ^ H ® H be a gauge transformation, as in the example of the previous section. 
Then a total integral for A remains a total integral for Ap-i, as the action of H is not modified. So the 
Morita maps (— , — ) will be simultaneously bijective. 

2) Let A be a right H-comodule algebra. Then it is easy to see that the map $ : H* — > A^H* , 
given by $(/i*) = lfl=h* , is a total integral. Hence in this example we get the equivalence of categories 

In connection with the notion of total integral, Bulacu and Nauwelaerts proved in [7] the following three 
statements, for a dual quasi-Hopf algebra and a comodule algebra. But in the finite dimensional case this is 
the same as working with the quasi-Hopf algebra and a module algebra, so we state them for completeness: 

Proposition 3.2.10 (Proposition 2.9, 171) Lf A is a left H-module algebra and there is a total integral 
$ : H* — y A, then each relative module M G {hM)j^ is injective as an H-module (where {hM)j^ is the 
category of right A-modules in the monoidal category hM. ). 

Corollary 3.2.11 (Corollary 2.10, I'll) Under the previous hypotheses, the following statements are equiv- 
alent: 

1. A is an injective left H-module; 
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2. There is a total integral on A; 

3. Each object in {hM.)a injective as an H -module. 

Theorem 3.2.12 (Theorem 2.11, J^) If A is a left H-module algebra and there is a total integral $ : H* — > 
A which is multiplicative, then for every M G {hM)a counitsM : A®bM^ — > M, e m {a (^yi b tn) = am, 

-<SjbA 

of the adjunction Mb ^ {hMI)^^ is an isomorphism. 
(-)" 

As remarked in the quoted paper, working with left or right A-modules is essentially the same, just by 
passing to the opposite algebra A"^ (which is a module algebra over H°P''^°p), so we can rephrase these results 
in our context and obtain the following theorem: 

Theorem 3.2.13 Let H be a finite dimensional quasi-Hopf algebra, A a left H-module algebra and B — A^ 
the subalgebra of H -invariants. Then the following statements are equivalent: 

1. The Morita map (— , — ) is surjective; 

2. There is a total integral for A; 

3. A has an element of trace one (i.e. a ^ A such that t ■ a — 1a) i 

4. A is an injective left H-module; 

5. Each object in a{hM) is injective as an H-module. 

Combining the results of the previous two sections, we may state now the following: 

Theorem 3.2.14 Let H be a finite dimensional quasi-Hopf algebra, A a left H-module algebra and B = A^ 
the subalgebra of H -invariants. Then the following statements are equivalent: 

1. The functors bM ^ AiiiM) are a pair of inverse equivalences (Strong Structure Theorem); 

2. The Morita maps [, ] and (,) are surjective; 

3. The extension B C_ A is Galois and there is a total integral on A. 

Conclusion 3.2.15 As noticed in the introduction, if we want to start with a right H-comodule algebra A 
and take the usual definition for coinvariants A'^°^ , this does not work any more in the quasi-Hopf setting. 
For example, if we take a left H-module algebra A and form the smash product Afj^H , then this is a right 
comodule algebra (181), but we cannot recover A from the coinvariants as in the Hopf case (we get something 
bigger). There are two possible ways to overcome this problem: either to find an adequate definition for the 
coinvariants, as it was done in 123], or to pass to bicategories. Anyway, if we want the previous example to 
fit, we need some coinvariants which are associative in the category of left H -modules, so we can only get a 
Morita context in this monoidal category. It would be interesting to see which are the connections between 
these two types of Morita contexts, knowing that in the Hopf case these two contexts are the same. 
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